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Hubbard Model for Hydrogen Atom Lattice

Consider a simple cubic lattice with a hydrogen atom at each lattice site. Assuming that the only
relevant electronic state at the hydrogen site is the 1s state, one can describe the system by a model
Hamiltonian

H = −t
∑
〈ij〉σ

(c†iσcjσ + c†jσciσ) + U
∑
i

ni↑ni↓ (1)

where i represents the lattice site at Ri, 〈ij〉 the pair of nearest-neighbor sites Rj = Ri + δ, (δ
being ±aeα with α = x, y, z) and σ corresponds to the spin index. In this model, while the
on-site Coulomb interactionU is independent of the lattice constant, the hopping integral t can be
assumed to depend on the lattice constant a:

t(a) =
A

aγ

with γ > 0. Thus, as a varies from 0 to∞, one can take the limit of either U → 0 or t→ 0.

a) Density-of-States:
First, considering the free electron limit, i.e., U → 0, show that the kinetic part of the
HamiltonianH in Eq. (1) can be represented by

H0 =
∑
kσ

ε0kc
†
kσckσ (2)

where the summation over k is limited to the first Brillouin zone. Also, obtain that the
density-of-state (DOS) at energy ε can be written by

D0(ε) =
B(ε/2t)

t

whereB(x) is defined by

B(x) =

∫
|η|<π

d3~η

(2π)3
δ

(
x+

∑
α=x,y,z

cos ηα

)
.

Here it is noted that the DOS at EF becomes

D0(εF = 0) =
B(0)

t
.

Hint: To find the expression in th plane-wave-state representation, one may use
the following transformation:

ciσ =
∑

k∈B.Z.
e−ik·Rickσ

and the identity ∑
i

ei(k−k′)·Ri = δk,k′

where k and k′ belong to the first Brillouin zone.
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b) Stoner Theory:
When U is small, one can take the Fermi sphere as a starting point in considering the effect
of Coulomb interaction. Thus, one can rewrite the Eq. (1) by

H =
∑
kσ

ε0kc
†
kσckσ + U

∑
q

n−q↑ nq↓ (3)

where nqσ =
∑

k∈B.Z. c
†
kσck−q,σ.

Assuming a mean field solution for the ferromagnetic (FM) ground state,

〈nqσ〉 = δq,0n̄σ , (4)

show that the mean field Hamiltonian can be written by

H̄ =
∑
kσ

ε̄kσc
†
kσckσ

with the spin-dependent energy term

ε̄kσ = ε0k + Un̄−σ .

Based on the Stoner theory of ferromagnetism, one expects that the ground state of this
system changes from paramagnetic to ferromagnetic at a critical value of a = ac. Find ac

in terms ofA,B(0), γ, andU , and discuss the energetics of the ground states as a function
of a.

c) Superexchange Interaction:
Now let us consider the ground state of Eq. (1) in the limit of t → 0, i.e., a → ∞. An
appropriate starting Hamiltonian becomes

HU =
∑
i

ni↑ ni↓

This limit represents a collection of atoms far apart from each other. Thus the ground
state should be a mere superposition of electron in the ground state of each hydrogen atom.
Following the perturbation-theory arguments for the superexchange mechanism discussed
during the class, show that the ground state can be determined by the spin-Hamiltonian

Hspin = JAF

∑
〈ij〉

Si · Sj

with the antiferromagnetic (AF) exchange interaction, i.e., JAF > 0. Obtain the expression
of JAF in terms of t and U .

d) Conflicting Results:
In Question (b), we showed that the ground state becomes FM for a > ac, i.e., for small
t, but this result conflicts with the AF ground state as described by the AF spin Hamiltonian
in Question (c) even for the same range of a, i.e., t. Discuss the possible causes of such
conflicts, for example, in terms of energetics (total energy) and magnetic instability. (Hint:
One may repeat the calculations Question (b) for the AF instability.)


